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A Geometric Duality for Order Complexes and Hyperplane 
Complements 
MICHAEL FALK 
The top cohomology of the complement of an arrangement of complex hyperplanes i
canonically isomorphic to the order homology of the associated intersection lattice. We put this 
result into a geometric framework by constructing a realization of the order complex of the 
intersection lattice inside the link of the arrangement. The canonical isomorphism is shown to 
coincide with the restriction of the classical Alexander duality mapping. Thus the isomorphism 
is a consequence of the linking of (l - 2)-spheres and/-tori n the (2 / -  0-sphere. 
1. INTRODUCTION 
Let M be an arrangement of hyperplanes in C t with N M = {0}. The intersection 
lattice L = L(M) is the poset {(~ ~ I ~ ~- M}, ordered by reverse inclusion. L(M) is a 
geometric lattice. The complement C -- C(M) is the open 2/-manifold Ct \U M. 
There is a well-known connection between the cohomology of C and the intersection 
lattice L. This connection is seen most explicitly through the order complex K = K(M), 
defined to be the simplicial complex of chains in L\{0, 1}. Then/qt-2(K) is isomorphic 
to Ht(C). Both are free abelian [2, 5] of rank I/~(0, 1)l, where/~ is the MSbius function 
of L [5, 8], The complex K is pure of dimension l - 2 and has the homotopy type of a 
bouquet of spheres [1]. Spherical classes i n / - I / -2 (g )  arise from independent subsets 
of M: K (~)  is an (l - 2)-sphere contained in K. On the other hand, each independent 
subset ~ also yields a standard generator of Ht(C). This element is the restriction of 
the fundamental cohomology class of the torus ($1) t-~ Ct\U ~ _~ C. The spherical 
generators of Ht-2(K) satisfy exactly the same relations as the torical generators of 
H'(C) [8]. 
In this note we show that this combinatorial isomorphism is a manifestation of a 
geometric duality between K and C. We construct an embedding of K inside [._3 M such 
that, for each independent subset of M, the associated torical cohomology class in C is 
Alexander dual to the corresponding spherical class in K. The proof boils down to a 
simple computation to show that the 'standard' ( I -  2)-sphere and l-torus have linking 
number 
(-1)('). 
To simplify the discussion, we will work in the unit sphere in C t. Thus we introduce 
the link D = D(M)= (U M)A S 2t-1. The complement C is homotopy equivalent via 
radial retraction to C N S 2t-1. In our setting Alexander's duality theorem yields a dual 
pairing/~t-2(D) ® Ht(C)----~ Z. We show that D may be replaced by K. Both K and D 
are (l - 3)-connected [1, 6], so that the embedding of K into D induces isomorphisms 
in homology and homotopy through dimension l - 3. Our argument amounts to a proof 
that the same holds in dimension l - 2. 
The paper is organized as follows. In Section 2 we produce a realization of the order 
complex K in the singularity link D. This realization is natural in the sense that each 
simplex X0 < • - • < Xp is mapped into the subspace X0. The construction relies mainly 
on careful application of general position. In the next section we formulate our main 
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result Theorem 3.1 and show that it is sufficient to prove the assertion for the 
arrangement of coordinate hyperplanes (the boolean arrangement). This reduction is 
accomplished using naturality of the Alexander duality isomorphism. In the last 
section, we establish the result for the boolean arrangement_ Now the standard l-torus 
($1) ~ lives inside C, and the order complex K is just the standard (l - 2)-sphere. Since 
the groups involved are infinite cyclic, the proof is finally reduced to an argument 
showing that these submanifolds have linking number 
This final step is easy to carry out by direct calculation. 
This result comprised a portion of the author's thesis [4], written with the guidance 
of Peter Orlik. It is cited in the recent CMBS lectures on arrangements [7], to which 
we refer the reader for background material. 
2. EMBEDDING K IN D 
For X e L\{0, 1}, let K x and T x denote the order complexes of the intervals (X, 1) 
and [X, 1) in L respectively. Thus T x is the cone on K x with apex X and both sit inside 
K. Note that X is a C-linear subspace of C t and X A S 2t-1 is a (2p - 1)-sphere, where 
p = dim(X). This section is devoted to a proof of the following assertion. 
THEOREM 2.1. There exists an embedding i: K--~ D with the property that i( T x)  ~_ X 
for all X ~ L\{0, 1}. 
PROOF. Let Kp denote the union Udim~X~=p T x. Thus Kp is contained in K, and 
K = Kt-1. Note that Kp is pure of dimension p - 1. We proceed by induction on p. If 
dim(X) = 1, then X N S 2t-1 is a circle. Choose any point of this circle for the image of 
the vertex X of K1. Now suppose Kp-1 has been embedded in S 2t-a with T x mapped 
into X for d im(X)~<p-  1. Let d im(X)=p.  Since K x =U {Tr lY>X} ~_Kp_l, the 
embedding has already been constructed on K x, with image contained in X. To extend 
the embedding to T x, first choose a generic point of X fq S 2t-~ as the image of the apex 
X (generic meaning off [_Jn$xH). The genericity guarantees that the cone from this 
point to the image of K x misses the origin, and thus can be radially deformed into 
S zt-~. This yields a possibly singular map of T x into X N S 21-1 which extends the 
embedding of K x. We perturb this map to a general position map of T x into 
X N S 2t-1, leaving K x fixed. The result is an embedding because 2d im(T  x) = 
2(p - 1) < 2p - 1 = dim(X f3 S zt-1) [9, Thm 5.4]. 
These embeddings piece together to give a map of Kp into S zt-1, with each T x 
embedded in X. But the interiors of the cones T x may intersect. We now choose a 
linear ordering X~ . . . . .  Xn of {X ~ L I dim(X) = p } and proceed inductively across this 
rank of the lattice. At each stage adjust the image of T xk in Xk fq S 21-1 to be in general 
position relative to [._]j<k T xj, again without disturbing K xk. The general position in this 
case ensures that, for j < k, the images of TX~\K xk and TXJ\K x~ do not intersect [9, 
Thin 5.3]. The final result is an embedding of Kp into S 2z-a such that T x is mapped into 
X for each X. This completes the inductive step. When we reach p = 1 - 1 we have an 
embedding of K with the desired properties. [] 
The key technical point of this proof is that at each stage we apply general position 
inside X t3 S 2t-1, which is a manifold. General position may not hold in the singular 
space D itself. Henceforth we identify K with its image in S 2t-1. 
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3. ALEXANDER DUALITY 
In this section we formulate our main theorem and carry out the first step in its 
proof--a naturality argument which allows us to assume that ~ is the arrangement of
co-ordinate hyperplanes. 
Let 93 = {H1 . . . .  , Ht} be an independent subset of sO. Let K0 = K(~)  ~ K be the 
order complex of the boolean arrangement ~. The simplices of Ko correspond to 
nested sequences of proper subsets of {1 , . . . ,  l}, so Ko is isomorphic to the 
barycentric subdivision of the boundary of the standard ( l -  1)-simplex. Thus Ko is 
topologically an ( l -  2)-sphere. Fix the vertex /-/1 of Ko as base point. Let a be the 
image in Ht-2(K) of the fundamental c ass ao ~/~t-2(K0). Following the convention of 
[7, Ch. 4], the orientation of ao is ( -1)  t-1 times that induced by the given ordering of 
~. Let Co = C(~). Note that Co is homeomorphic to (C*) t and that Co_~ C. Let 
r eHt(C) be the restriction of the fundamental cohomology class roeHt(Co). 
Specifically, r = 091 U • • • tO ogt, where toi is the restriction of the positive generator of 
HI(C'\Hi) (see [7]). 
Alexander duality provides a dual pairing ~t:ISIt-2(D)~HI(C)---~Z given by 
(x, y) ~ (x tO 6y, o), where o is an orientation of S 2t-1 and ( , ) is scalar product 
[3, Ch. VIII.8]. Thus we obtain the following diagram of isomorphisms: 
H'(C)--~ Hom(/4t-2(O), Z) ~--/tl-z(D). 
The first map is the Alexander duality mapy~-~, ( - ,y ) .  The second map is the 
algebraic duality z ~-> ( - ,  z) ,  which is an isomorphism since/~.(D)_ is flee (by [2] and 
duality). For simplicity we will denote the resulting isomorphism HI-2(D)--> Ht(C) by 
A. We fix the orientation of S 2t-~ so that (p, op) coincides with the positive orientation 
of C t, for p c S 2t-1. 
THEOREM 3.1. Let i: K--~ D be the inclusion map. Then the composite 
/~t-2(K) i,>/Jt_2(D) a_~ H'(C) 
carries a to ( -1)Or .  
The proof of Theorem 3.1 occupies the remainder of the paper. 
By [6], D is ( l -  3)-connected, so/~t-2(D) is spanned by spherical classes. Also, by 
[8], the rank of/41-2(D) is I/~(0, 1)l, the M6bius number of L. According to [1] and [5], 
these properties are shared by K. These observations led to the discovery of Theorem 
3.1, and yield the following corollary. 
COROLLARY 3.2. The inclusion i: K--~ D induces isomorphisms i,: IsIj(K)--~ ISIj(D) 
for 0 ~<j ~< l - 2 = dim(K). 
PROOF. According to Brieskorn [2], the elements r generate Ht(C) as ~ ranges 
over the independent subsets of M. In fact, it suffices that ~ varies over those 
independent sets which contain the fixed hyperplane Hi--this follows from [7, Thm 
5.3] for instance. Since A is an isomorphism, it follows from Theorem 3.1 that i, is 
onto. Since the groups are free abelian of the same rank 1/~(0, 1)1 by [5] and [8], i, is an 
isomorphism. [] 
Let Do = D(~).  It follows from Theorem 2.1 that the embedding of K into D carries 
Ko into Do. By naturality of Alexander duality and functoriality of Hom, we have the 
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following commutative diagram: 
iZlt_z(Ko) ' o  /t,-2(Do) ~0> n'(Co) 
l 1 l 
I:I,_ K ) '" , , H'(C) 
where the vertical maps are induced by inclusions. 
By definition, o and r are images of elements o0•/4t-2(Ko) and To•HI(Co). 
Immediately we obtain the following reduction. 
LEMMA 3.3. I f  Ao°i0,(O0) = (--1)d)Z0, then Aoi,(cr) = (-1)(~')z. [] 
By Lemma 3.3 there is no loss in assuming that M is the boolean arrangement of 
co-ordinate hyperplanes. 
4. LINKING IN THE BOOLEAN ARRANGEMENT 
In this section we complete the proof of Theorem 3.1 by showing that the hypothesis 
of Lemma 3.3 is satisfied. So suppose M is the arrangement of co-ordinate hyperplanes. 
According to the definition of A, we must show that Z( - ,  ~) and ( -1 )d) (  - ,  i,(cr)) 
coincide in Hom(ffll-2(D ), Z). 
THEOREM 4.1. If M is the boolean arrangement, then ~,(-, 3) = (-1)(;)(  - ,  i ,(tr)). 
In this restricted case all the groups in question are infinite cyclic. In particular, it 
suffices to check the values of these functionals on a generator of/4t-2(D).  In our final 
reduction, we show that Theorem 4.1 may be proven by computing linking numbers. 
Let T denote the solid torus D 2 x S 1 x • • - × S 1 ~ C t, normalized to lie on the unit 
sphere. Then [T] • Ht+I(S 2t+1, C n S 2t-1) satisfies (0r,  [T]) = 1. Let S denote the 
(l - 2)-sphere K c_ D, so that i,(tr) = [S] • tZlt_z(D). The construction of Theorem 2.1 
may be carried out in such a way that S is precisely the boundary of the standard 
( l  - 1)-simplex (with vertices (1, 0 , . . . ,  0 ) , . . . ,  (0 , . . . ,  0, 1)), normalized to lie on 
the unit sphere. 
LEMMA 4.2. Suppose S and T have algebraic intersection umber ( -1 )  d). Then: 
)~(-, 3) = ( -1) (~)( - ,  i , (a ) ) .  
PROOF. Let • denote intersection umber. This lemma asserts the well-known fact 
that - is Poincar6 dual to U. Our calculations follow [3, VIII.8.13]. Let x n o = [S] and 
y n o = [T]. By hypothesis, [S] • [T] -- ( -1 )  (~). Then 
( -1 )  Q = [S]. [T] =x  n [T] = (x, [T]),  
so x = ( -1 )  (~) 63. On the other hand, 
( -1 )  (D = [S]" [ r ]  = (x Uy, o) = (-1)('+1)('-2)(y Ux, o) = (y, x n o) = (y, [S]). 
It follows that [S] is a generator of/4l_2(D) and y is a generator of IZIt-2(D). Then we 
have 
A(y, 3) = (y U 6r, o)  = 1 = ( -1)d) (y ,  [S]) = ( -1 )O(y ,  i . (a ) ) .  
The assertion ow follows from the preceding observation. [] 
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The proof of Theorem 4.1 is completed with the following calculation. The main 
Theorem 3.1 is then a consequence of Theorem 4.1 and Lemma 3.3. 
LEMMA 4.3. S and T intersect ransversely in a single point, with intersection umber  
PROOF. Suppose x = (xt . . . .  , xt) e S A T. Then x /= 0 for some i, since x e S. Since 
x e T we must have xi = 0. Also, by construction of S, all components of x are real and 
non-negative. It follows that 
1 
x = ,=----=(0, 1 , . . . ,  1). 
V I -1  
(Note this is the barycenter of the face Xl = 0 of S.) Next we check that S and T are 
transverse at this point. Let us write C = R x iR. It is easy to see that the tangent space 
to T at x is C x ({0) x iR )  × • - • × ({0} X iR) ,  while the tangent space to S at x is 
contained in {0} x (R x {0}) × • • • × (R x {0)). Thus S and T intersect ransversely at 
X. 
It remains only to compare orientations. For the moment we will ignore our sign 
convention ( -1 )  t-1 in the orientation of S. Then the face Xl = 0 of S has codimension 
one in (0} × (R x {0)) t-l, and is oriented as the standard ( l -  3)-simplex. The unit 
normal x followed by the orientation Os of S at x yields the positive orientation on 
{0} X (RX {0})/-1. Let e l , . . .  , e21 be the standard basis of R 2l. Permuting the 
orientation 
(X, Os, OT)~ (e3, es, . . . , e2l-1, el ,  e2, e4,  . . . , e2,) 
into the standard one, we see that the sign of the intersection S t3 T is ( -1) ' ,  where 
t=( l -1 )+( l -1 )+( l -2 )+( l -3 )+.  . .+  2 + 1=(1-1)+(~) .  
Reintroducing the ( -1 )  t-1 factor in the orientation of S yields the final assertion of the 
lemma. [] 
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